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Abstract

Monitoring of structures can be based on observing signals emitted in the course of developing defects. Layered

ductile structures are considered which react on overloads by the formation of (small scale) plastic zones. Within the

linear elastic background concept such an event is considered by the formation of sources of eigenstress. Since a direct

description of the source characteristics is rather cumbersome, alternatively, the time convolution of the imposed plastic

strains with the complementary Green�s stress dyadic is proposed to describe the signal of the acoustic emission. Thus,

the dynamic generalization of Maysel�s formula of thermo-elasticity, a special form of the dynamic reciprocity theorem,

enters the field of computational ‘‘nondestructive evaluation’’. In that context, the novel contribution of this paper to

acoustic emission and monitoring of structures is the formulation of the full three-dimensional problems and, for

layered structures, the construction of the generalized rays (plane wave expansions) in the background, considering an

instantaneous oblique force point source at the transducer�s location. Consequently, all information on the wave guide

is contained in the Green�s stress dyadic. The Laplace transformed solution is worked out for localized plastic sources.

Deconvolution and transducer dynamics is not discussed here.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Professor Jan D. Achenbach made fundamental contributions to quantitative ultrasonics and nonde-
structive evaluation, see e.g. Achenbach et al. (1982, 1987). In that connection he applied the dynamic

reciprocity theorem for analyzing scattering and also diffraction, which, in a special setting, is crucial in

reformulating the acoustic emission problem as shown in this paper.

Commonly, acoustic emission stands for the technology that has been developed to locate and to de-

termine the characteristics of a source which emits elastic waves. In its application to materials charac-

terization, the sources may be point defects in crystals, grain boundary movement of polycrystallines,

including the phenomenon of twinning, creation and collapsing of voids, etc., see Simmons and Wadley

(1984) for a theoretical account and further relevant references. Moreover, acoustic emission has become a
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major technique for continuously monitoring the integrity of high risk structures. In this connection, the

sources of principal interest are plastic deformation, which is the contents of this paper, and crack growth

as well (Mal, 2001). Guo et al. (1996) studied the characteristics of guided waves generated by crack ini-

tiation in thin composite laminates. Geophysical investigations to measure microseismic activity are highly
developed for applications in rock mechanics, see also Aki and Richards (1980, ch. 3).

The common theoretical foundation of acoustic emission contains basic theories for detecting the source

location (by triangulation), describing the source mechanism, the signal dispersion and, finally, the kinetic

and kinematic source characterization (by deconvolution and other semi-inverse procedures). Pao (1978),

dealt with all these aspects by applying the classical Green�s function approach, see also the exhaustive list

of references given there, with further progress reviewed in Pao et al. (1984). Modeling the source by double

forces in a plate, a detailed study was made by Ceranoglu and Pao (1981)––with the experimental results

and the transducer dynamics included in the analysis by Sachse (1987). A detailed study was made by Ohira
and Pao (1987).

This paper is mainly concerned with the aspect of signal dispersion and presents a complementary

Green�s function approach. Thus, it is shown that it is possible to avoid several of the complications which

are necessarily associated with the classical approach. In order to illustrate this novel analysis, plastic

sources are considered in rods (under the approximating condition of one-dimensional stress) and subse-

quently in three-dimensional bodies. Thereby, it becomes obvious to expand the Green�s function of the

second kind in question into plane waves for the case of layered wave guides with plane interfaces. Thus,

the theory of generalized ray integrals is rendered applicable for the waves emitted from localized sources
which can be characterized by imposed strains, like plastic sources. Use of the background concept is

crucial, see also Irschik and Ziegler (1995) for uniaxial elastic–plastic stress waves, Fotiu et al. (1991) for the

background concept, and, for elastic–plastic spherical waves with point symmetry, Fotiu and Ziegler

(1996). The background is defined by the elastic wave guide without imposed strains, thus, in this sense, the

procedure makes use of the multiple field approach.

2. Internal sources in thin rods

To illustrate the background concept, a plastic source is considered uniformly distributed over the cross

sectional area A in a semi-infinite rod. A plastic strain increment De emits stress waves propagating with the

sound speed c ¼
ffiffiffiffiffiffiffiffiffi
E=q

p
in the background rod, as shown in the Mach-plane in Fig. 1. Reflection at the free

end, x ¼ 0, is indicated. Based on the generalized rate form of Hooke�s law in uni-axial stress, the non-
homogeneous wave equation for the axial displacement u results from conservation of momentum,

_rr ¼ E _ee
�

� _�ee�ee
�
; u;xx � c�2u;tt ¼ �ee;x; c2 ¼ E=q ð1Þ

The elastic–viscoplastic waves resulting from overloads have been calculated by incremental superposition

of the elastic waves in the background by Irschik and Ziegler (1990) and, for the more general setting, see

Irschik and Ziegler (1995).

Classically, the direct Green�s function approach to Eq. (1) considers a singular internal source,

�ee;x ¼ d;x xð � nÞd tð � sÞ ð2Þ

and presents the solution for distributed sources in terms of Green�s displacement ~uuðx; n; tÞ of the infinite

rod. Consequently, boundary conditions and the waves created by reflection must be considered separately,

see again Fig. 1.

Alternatively, the complementary approach considers the force Green�s function ~rrðn; x; tÞ of the back-
ground wave guide, thus, including surface effects. However, the buried unit instantaneous force F ðtÞ is
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applied in the point of observation x and, integration is performed over the distributed source points. Time

convolution with the plastic strain is common to both integral representations. In the time Laplace

transform domain, the particular solution of Eq. (1) takes on the form of the dynamic Maysel�s formula, for

its thermoelastic origin, see e.g., Ziegler (1998, ch. 6),

uðx; sÞ ¼
Z l

0

~rrðn; x; sÞ�eeðn; sÞAdn; ð3Þ

For the infinitely long rod, note the reciprocity, ~rrðn; x; sÞ ¼ ~uuðx; n; sÞ where, e is the direction factor,

~rrðn; x; sÞ ¼ � e
2

F ðsÞ
A

exp
s
c
jn � xj; e ¼ �1

When monitoring such a rod with respect to the development of plastic strain, the displacement uðx ¼ 0; tÞ
is received by a transducer placed at the free end, see Fig. 2. Hence, the complementary Green�s function of

the second kind that is produced by the singular surface traction enters Eq. (3). Performing the limit x ! 0

in Eq. (3), i.e. considering the reflection, yields,

~rrðn; sÞ ¼ � F ðsÞ
A

exp� s
c
n: ð4Þ

Fig. 2. Monitoring an elastic–plastic rod with a transducer in receiving mode attached. Since the point of observation is on the surface,

we substitute the surface load, i.e. Green�s function of the second kind, Eq. (4), in Eq. (3).

Fig. 1. Acoustic emission from a local plastic source in a semi-infinite rod, stress wave in Mach-plane shown. Transducer in receiving

mode at x ¼ 0, during monitoring of the rod.
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If the signal emitted from a sufficiently isolated buried plastic source (see again Fig. 1) needs to be observed,

the spatial integration in Eq. (3) can be approximated say by the rectangular rule, while Eq. (4) is being

substituted. The transducer dynamics is not included in Eq. (3) which solely renders the free field solution.

Deconvolution is not within the scope of this paper.

3. Acoustic emission from a plastic point source

In this section, the three-dimensional plastic source, localized in a small volume, is considered with
respect to acoustic emission and, by domain integration, the extension to a plastic zone is performed.

Consequently, in the classical approach, the particular solution of the nonhomogeneous wave equations

resulting in the infinite background domain is given in terms of the direct Green�s function by the domain

and convolution integrals, see e.g. Eringen and Suhubi (1975), for the displacement in a direction i,

uiðx; tÞ ¼
Z t

0

ds
Z
V
~uuiðabÞðx; x0; t � sÞeabðx0; sÞdV ðx0Þ: ð5Þ

Eq. (5) is the basis of analysis of acoustic emission from material phase transformations, see e.g. Simmons

and Wadley (1984). Analogously, Pao (1978), applied the Green�s displacement dyadic to derive solutions

for dynamic nuclei of strains (see the list of papers in acoustic emission there). As a serious drawback,

complicating surface integrals have to be considered for finite domains, for the simple case of reflection at

the free end of a rod, see again Fig. 1.

Yet, the generalized dynamic Maysel�s formula (originally stemming from thermoelasticity) displays a

more promising characteristic. As for the three-dimensional case it has already been derived by Irschik et al.
(1993), for the uniaxial case see again Eq. (3), and for the point symmetrical case see Fotiu and Ziegler

(1996). On the one hand Maysel�s formula contains also time convolution, but on the other hand it is

complementary to Eq. (5) with respect to the spatial integration. Therefore, the dynamic force creating the

Green�s function is applied at the point of observation (at the location of the transducer) and, above all, it

holds good for those finite bodies with boundary conditions given in the form of prescribed displacements

on parts of the surface while the remaining surface parts are kept free of traction. If the b.c. both of the

original problem (with plastic sources) and the background structure (with instantaneous force load) are

identical, the contribution of the surface integral (the work of traction) vanishes.
Considering the more general case where nonhomogeneous initial conditions are prescribed in a time

stepping procedure, an additional domain integral needs to be added to Maysel�s formula. The particular

solution in the Laplace transform domain, with the observational point at x0, is as follows:

uiðx0; sÞ ¼
Z
V
~rrabðiÞðx; x0; sÞ�eeabðx; sÞdV ðxÞ þ q

Z
V

_~uu~uuaðiÞðx; x0; sÞ�uua0ðxÞ
h

þ ~uuaðiÞðx; x0; sÞ _�uu�uua0ðxÞ
i
dV ðxÞ ð6Þ

Note the change of coordinate notation when comparing Eqs. (6) and (3) and apply the summation

convention. Acoustic emission of a single plastic event is merely given by the convolution contained in the

first line of Eq. (6). In such a case, the remaining volume integral of Maysel�s formula can be approximated

by the rectangular rule of numerical integration, which means by multiplying the integrand with the cell-

volume of the concentrated plastic source. The point of observation x0 is commonly placed on the surface

with a transducer in receiving mode attached.

Eq. (6) becomes a fine working tool for monitoring layered structures with plane interfaces since then the
Green�s dyadic can be expanded into plane waves and the whole information of the wave guide is contained

in the generalized ray integrals.
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Note in the case of infinite bodies the reciprocity of the influence functions of stress and displacement in

the Eqs. (5) and (6), which has been already mentioned with respect to Eq. (3) for the uniaxial stress state of

the infinite rod,

~rrabðiÞðx; x0; sÞ ¼ ~uuiðabÞðx0; x; sÞ ð7Þ

3.1. The three-dimensional dynamic Green functions expanded in plane waves

Consequently, acoustic emission from a concentrated plastic source (in a single cell) should be observed

primarily in Eq. (6). However, the influence functions must be presented in a suitable form for inversion of

the Laplace transform and for taking into account reflections on the traction free surface of a half space, at

the interface of a surface layer, at the surfaces of a plate or wedge-shaped wave guide, etc. The expansion
into plane waves, i.e. the resulting generalized ray theory, seems appropriate for short observation times,

see also Ziegler and Borejko (2000). Subsequently, we suppress the tilde indicating the Green�s function in

the background.

3.1.1. Basic equations of elastic body waves

To keep the paper self-contained, we note the Helmholtz decomposition of the displacements in a ho-

mogeneous and isotropic linear elastic solid. It yields the set of wave equations for P- and S-waves, in

absence of body forces, see Achenbach (1973),

u ¼ grad/ þ curlw; D/ ¼ c�2 €//; Dw ¼ C�2€ww; divw ¼ 0 ð8Þ

Furthermore the three components of stresses, given by Hooke�s law, enter the ‘‘internal’’ boundary value

problems of vertical and horizontal single forces to be considered below

rzz ¼ kc�2 €// þ 2l
o2/
oz2

 
þ

o2wy

oxoz
� o2wx

oy oz

!
; rzx ¼ l

"
� C�2 €wwy þ 2

o2/
oxoz

 
� o2wx

oxoy
þ
o2wy

ox2

!#
;

rzy ¼ l

�
� C�2 €wwx þ 2

o2/
oy oz



� o2wz

oxoz
þ o2wx

oz2

��
: ð9Þ

where c2 ¼ ðk þ 2lÞ=q and C2 ¼ l=q are the squared body wave speeds of P- and S-waves, respectively.

3.1.2. Vertical instant single force

Laplace-transformation in time, Fourier transformations with respect to the horizontal ðx; yÞ coordi-

nates, render the solution via the three conditions provided by the internal b.v. problem

z ¼ 0 : ~�rr�rrzzðn; j; xÞ ¼ � 1

2
ezQz

�ff ðsÞ; ux ¼ uy ¼ 0 ð10Þ

Thus, the body wave potentials are yielded by the Weyl–Sommerfeld integrals, which means they are ex-

panded into plane waves. For detailed derivations see Pao and Gajewski (1977), Borejko and Ziegler (1998,

2002). The following Eq. (11) summarizes the Laplace transformed results with the important phase–time

relationship indicated, which is crucial for the determination of the arrival times, axial symmetry is ap-

parent but not built-in,
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/zðx; y; z; sÞ ¼ s2QzF ðsÞ
Z 1

�1

Z 1

�1
Sz
P expðsgP Þdndj;

� t ¼ gP ¼ inxþ ijy � gjz� z0j; g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c�2 þ n2 þ j2

q
;

�wwz
jðx; y; z; sÞ ¼ s2QzF ðsÞ

Z 1

�1

Z 1

�1
Sz
Sj expðsgSÞdndj;

� t ¼ gS ¼ inxþ ijy � fjz� z0j; f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C�2 þ n2 þ j2

q
; j ¼ x; y

�wwz
zðx; y; z; sÞ ¼ 0;

F ðsÞ ¼ �ff ðsÞ=8p2s2q; Sz
P ¼ �ez; Sz

Sx ¼ � ij
f
; Sz

Sy ¼
in
f

ð11Þ

The direction factor ez takes on the value þ1 for a downward propagating ray, z� z0 > 0, and is set )1 for

z� z0 < 0, for an upward propagating plane wave.
The wave potentials, e.g. those specialized for a vertical force given in Eq. (11), can be easily transformed

into rotated coordinates (see Fig. 3) by enforcing the following invariance conditions for the plane wave

amplitudes and phases, where Eq. (12) holds for P- and S-waves, respectively,

S dndj ¼ Sr dnr dj; �t ¼ g ¼ gr ¼ inxþ ijy � ðg; fÞjzj ¼ inrxr þ ijy � ðg; fÞrjzrj
inr ¼ in cos a � ðg; fÞ sin a; ijr ¼ ij

ð12Þ

Thus, in general, Eq. (12) allows us to classically consider the reflection of the source ray at an inclined

interface, say of a wedge type surface layer. See also Section 3.3 for the limiting process to be performed for

an interlayer plastic source. The axisymmetric waves in an elastic layer are studied by Achenbach (2000)

using elastodynamic reciprocity. The latter is related to the dynamic Maysel�s formula, Eq. (6).

3.1.3. Horizontal instant single forces

The instantaneous forces are considered to act in the x- and y-directions, respectively, and the internal

b.v. problems yield alternated emittance functions as listed in Table 1,

z ¼ 0 : ~�rr�rrzxðn; j; sÞ ¼ �1
2
ezQx

�ff ðsÞ; uz ¼ uy ¼ 0

z ¼ 0 : ~�rr�rrzyðn; j; sÞ ¼ �1
2
ezQy

�ff ðsÞ; uz ¼ ux ¼ 0
ð13Þ

The following displacement potentials hold good for horizontal forces applied in the x- and y-directions,

respectively, by putting alternatively j ¼ x, y,

Fig. 3. Vertical force in infinite space. Rotation of coordinates about the y-axis indicated.
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/jðx; y; z; sÞ ¼ s2QjF ðsÞ
Z 1

�1

Z 1

�1
Sj
P expðsgP Þdndj ð14Þ

�wwj
xðx; y; z; sÞ ¼ s2QjF ðsÞ

Z 1

�1

Z 1

�1
Sj
Sx expðsgSÞdndj

�wwj
yðx; y; z; sÞ ¼ s2QjF ðsÞ

Z 1

�1

Z 1

�1
Sj
Sy expðsgSÞdndj

�wwj
zðx; y; z; sÞ ¼ s2QjF ðsÞ

Z 1

�1

Z 1

�1
Sj
Sz expðsgSÞdndj

ð15Þ

The emittance functions listed in Table 1 are to be substituted.
Hence, comparing Eqs. (14) and (15) with Eq. (11) the following striking differences are to be recognized:

ii(i) The vector potentials in case of horizontal forces have three nonvanishing components.

i(ii) The emittance functions in case of horizontal forces, which need to be substituted into Eqs. (14) and

(15) are listed in Table 1. They are totally coupled due to the characteristic determinants Dx, Dy of the

linear equations resulting from the internal b.v. problem, Eq. (13).

(iii) Axial symmetry is no longer apparent.

3.1.4. The oblique force

The still buried oblique force can be decomposed into its Cartesian components. Hence, it is possible to
arrive at the desired solution of the generated body waves by superposition of the wave potentials given in

Section 3.1.2 for the vertical component and in Section 3.1.3 for the horizontal components, with a

common time source function (Laplace transformed F ðsÞ) understood, as follows:

/ðx; y; z; sÞ ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SP expðsgP Þdndj; SP ¼ Qx

in
C2Dx

� Qy
ij

C2Dy
� Qzez; ð16Þ

�wwx ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SSx expðsgSÞdndj; SSx ¼ Qx

eznjðg � fÞ
Dx

� Qyez � Qz
ij
f
;

�wwy ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SSy expðsgSÞdndj; SSy ¼ Qxez � Qy

eznjðg � fÞ
Dy

þ Qz
in
f
;

�wwz ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SSz expðsgSÞdndj; SSz ¼ ½gf � ðn2 þ j2Þ� Qx

ij
Dx

�
� Qy

in
Dy

�
:

ð17Þ

For time-harmonic waves in an elastic layer, see Achenbach and Xu (1999). Thus it becomes obvious above

that the summation of potential functions is solely executed in the various resulting emittance functions S.

Table 1

Emittance functions of horizontal forces

Sx
P ¼ C�2 in

g
g
Dx
; Sx

Sx ¼ eznj g�f
Dx

; Sx
Sy ¼ ez

Sx
Sz ¼ ij gf�n2�j2

Dx
; Dx ¼ gðf2 � n2Þ � fj2

Sy
P ¼ C�2 ij

g
g
Dy
; Sy

Sx ¼ �ez; S
y
Sy ¼ �eznj g�f

Dy

Sy
Sz ¼ �in gf�n2�j2

Dy
; Dy ¼ gðf2 � j2Þ � fn2
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3.2. The three-dimensional complementary dynamic Green functions of the second kind expanded in plane

waves, oblique force on the surface of a half-space

Considering a transducer in the receiving mode at the traction free surface requires to put the instan-
taneous force at this location. Therefore, in order to construct a limiting process, two steps are necessary.

Firstly, the buried force and a deeper down located receiver are considered in the infinite body. The wave

potentials, denoted by a subscript zero in Eqs. (18) and (19) are given by Eqs. (16) and (17) with direction

factor ez ¼ þ1 substituted, see also the phase functions in Eq. (11) where z� z0 > 0. Secondly, the po-

tentials of the waves reflected at the free surface of the half space to be considered here, are to be super-

posed. For instance, the reflection of the incident P-wave (first segment pointing upwards, direction factor

ez ¼ �1 in Eq. (16)) yields the Pp and Ps reflected rays. Analogously, reflection of the incident S-wave is

considered, for details see e.g. Pao and Gajewski (1977), Borejko and Ziegler (2002).
The limiting process z0 ! 0 is subsequently performed as indicated below and yields the emittance

functions in the wave potentials of the oblique surface force,

up ¼ /0 þ lim
z0!0

uPp

 
þ
X
k

uS;kp

!
; Sp ¼ S0p þ SPRPP þ

X
k

SS;kRS;kP ; k ¼ x; y; z;

or explicitly,

Sp ¼ Qx ð1
�

þ RPP Þ in
C2Dx

� RSxP njðg � fÞ
Dx

� RSyP

�
þ Qy

�
� ð1þ RPP Þ ij

C2Dy
þ RSxP þ RSyP njðg � fÞ

Dy

�

þ Qz ð
�

� 1þ RPP Þ � RSxP ij
f
þ RSyP in

f

�

up ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
Sp expðsgpÞdndj ð18Þ

with the phase of the source ray, zP 0, note the expression given in Eq. (11),

�t ¼ gp ¼ inxþ ijy � gz

and,

�wws;j ¼ �ww0;j þ lim
z0!0

�wwPs;j

 
þ
X
k

�wwS;ks;j

!
; Ss;j ¼ S0s;j þ SPRPS;j þ

X
k

SS;kRS;kS;j; j ¼ x; y; z

yields finally,

SSx ¼ Qx ð1
�

� RSxSxÞ njðg � fÞ
Dx

þ RPSx in
C2Dx

� RSySx

�
þ Qy ð

�
� 1þ RSxSxÞ � RPSx ij

C2Dy
þ RSySx njðg � fÞ

Dy

�

þ Qz

�
� ð1þ RSxSxÞ ij

f
þ RPSx þ RSySx

in
f

�
;

SSy ¼ Qx ð1
�

� RSySy Þ þ RPSy
in

C2Dx
� RSxSy

njðg � fÞ
Dx

�
þ Qy ð

�
� 1þ RSySy Þ njðg � fÞ

Dy
� RPSy

ij
C2Dy

þ RSxSy

�

þ Qz ð1
�

þ RSySy Þ in
f
þ RPSy � RSxSy ij

f

�

SSz ¼ 2 Qx
ij
Dx

�
� Qy

in
Dy

�
½gf � ðn2 þ j2Þ�:
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�wws;j ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
Ssj expðsgsÞdndj; j ¼ x; y; z: ð19Þ

The common phase in the latter case is

�t ¼ gs ¼ inxþ ijy � fz:

The nonvanishing reflection coefficients at the free surface of the plane wave potentials, RPP , RPSx , RPSy , RSxP ,

RSyP , RSxSx , RSySy , and RSxSy ¼ RSySx , RSzSz ¼ 1 to be inserted in Eqs. (18) and (19), are derived by Borejko

(1996). Thus, the source ray integrals are given by Eqs. (16) and (17) after substitution of the above given
emittance and phase functions. In Fig. 4, the p0 ‘‘source ray’’ to a buried receiver is shown. Further, as-

suming a surface layer of thickness h, ray paths are indicated which illustrate an additional reflection of the

p0-ray at the interface to a fast bottom half space (transmission is not shown).

Since the acoustic signals emitted from any buried plastic source are received in an ultrasonic transducer

at the surface, Eqs. (18) and (19) represent the proper complementary Green�s function of the second kind.

The Green�s stress tensor at the location of the plastic source, i.e. at an interior point, is derived from

Hooke�s law which renders what is commonly called the stress receiver functions, note also the factors in

Table 2 indicating time derivatives and use divw ¼ 0.

3.3. Green’s stress dyadic of the second kind received in an interlayer point

When a localized interlayer slip has to be considered as the plastic source, it becomes necessary to

substitute the Green�s stress dyadic received at this point into Eq. (6). A transducer in the receiving mode is

commonly situated at the traction free surface, i.e. the solution of Section 3.2 applies, with a ‘‘receiver’’

situated within the surface layer, see again Fig. 4 for the (direct) p0-source ray. The source ray, Eqs. (18) and

Fig. 4. P-waves emitted from a surface force and received at a buried receiver (where a local plastic source is expected). A plastic

interlayer slip requires the limit of receiver depth taken to the layer thickness, Section 3.3.

Table 2

Stress receiver functions at interior (plastic source) point, l ¼ qC2

3D-stress RP
jk=s

2 RSx
jk=s

2 RSy
jk =s

2 RSz
jk=s

2

rxx=l f2 � n2 þ j2 � 2g2 0 2eðinÞf �2nj
ryy=l f2 þ n2 � j2 � 2g2 �2eðijÞf 0 2nj
rzz=l f2 þ n2 þ j2 2eðijÞf �2eðinÞf 0

rxy=l �2nj 0 2eðijÞf �ðf2 � n2 þ j2Þ
ryz=l �2eðijÞg f2 þ n2 þ j2 0 2eðinÞf
rzx=l �2eðinÞg 2nj �ðf2 þ n2 � j2Þ 0
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(19), (with the positive direction factor, ez ¼ 1, already taken into account), and the rays reflected at the
interface, their direction factor is )1,

Table 3

Stress receiver functions at interior (plastic source) point, l ¼ qC2

rxx=l

R
P
xx=s

2 ð1þ RPP Þðf2 � n2 þ j2 � 2g2Þ � RPSy ð2infÞ Sp gp

R
Sx
xx=s

2 RSxP ðf2 � n2 þ j2 � 2g2Þ � RSxSy ð2infÞ þ RSxSz ð�2njÞ Ssx gs

R
Sy
xx=s

2 ð1� RSySy Þð2infÞ þ RSyP ðf2 � n2 þ j2 � 2g2Þ þ RSySz ð�2njÞ Ssy gs

R
Sz
xx=s

2 ð1þ RSzSz Þð�2njÞ � RSzSy ð2infÞ Ssz gs

ryy=l

R
P
yy=s

2 ð1þ RPP Þ f2 þ n2 � j2 � 2g2
� �

� RPSx ð�2ijfÞ Sp gp

R
Sx
yy=s

2 ð1� RSxSx Þð�2ijfÞ þ RSxP f2 þ n2 � j2 � 2g2
� �

þ RSxSz ð2njÞ Ssx gs

R
Sy
yy=s

2 RSyP f2 þ n2 � j2 � 2g2
� �

� RSySx ð�2ijfÞ þ RSySz ð2njÞ Ssy gs

R
Sz
yy=s

2 ð1þ RSzSz Þð2njÞ � RSzSx ð�2ijfÞ Ssz gs

rzz=l

R
P
zz=s

2 ð1þ RPP Þ f2 þ n2 þ j2
� �

� RPSx ð2ijfÞ � RPSy ð�2infÞ Sp gp

R
Sx
zz =s

2 ð1� RSxSx Þð2ijfÞ þ RSxP f2 þ n2 þ j2
� �

� RSxSy ð�2infÞ Ssx gs

R
Sy
zz =s

2 ð1� RSySy Þð�2infÞ þ RSyP f2 þ n2 þ j2
� �

� RSySx ð�2ijfÞ Ssy gs

R
Sz
zz=s

2 �RSzSx ð2ijfÞ � RSzSy ð�2infÞ Ssz gs

rxy=l

R
P
xy=s

2 ð1þ RPP Þð�2njÞ � RPSy ð2ijfÞ Sp gp

R
Sx
xy=s

2 RSxP ð�2njÞ � RSxSy ð2ijfÞ þ RSxSz ð�f2 þ n2 � j2Þ Ssx gs

R
Sy
xy=s

2 ð1� RSySy Þð2ijfÞ þ RSyP ð�2njÞ þ RSySz ð�f2 þ n2 � j2Þ Ssy gs

R
Sz
xy=s

2 ð1þ RSzSz Þð�f2 þ n2 � j2Þ � RSzSy ð2ijfÞ Ssz gs

ryz=l

R
P
yz=s

2 ð1� RPP Þð�2ijgÞ þ RPSx ðf2 þ n2 þ j2Þ � RPSz ð2infÞ Sp gp

R
Sx
yz =s

2 ð1þ RSxSx Þðf2 þ n2 þ j2Þ � RSxP ð�2ijgÞ � RSxSz ð2infÞ Ssx gs

R
Sy
yz =s

2 �RSyP ð�2ijgÞ þ RSySx ðf2 þ n2 þ j2Þ � RSySz ð2infÞ Ssy gs

R
Sz
yz=s

2 ð1� RSzSz Þð2infÞ þ RSzSx ðf2 þ n2 þ j2Þ Ssz gs

rzx=l

R
P
zx=s

2 ð1� RPP Þð2ingÞ þ RPSx ð2njÞ þ RPSy ð�f2 � n2 þ j2Þ Sp gp

R
Sx
zx=s

2 ð1þ RSxSx Þð2njÞ � RSxP ð�2ingÞ þ RSxSy ð�f2 � n2 þ j2Þ Ssx gs

R
Sy
zx=s

2 ð1þ RSySy Þð�f2 � n2 þ j2Þ � RSyP ð�2ingÞ þ RSySx ð2njÞ Ssy gs

R
Sz
zx=s

2 RSzSx ð2njÞ þ RSzSy ð�f2 � n2 þ j2Þ Ssz gs
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upP ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SPRPP expðsgpP Þdndj; ð20Þ

�wwpS;j ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SPRPS;j expðsgpSÞdndj; ð21Þ

us;kP ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SS;kRS;kP expðsgsP Þdndj; ð22Þ

�wws;kS;j ¼ s2F ðsÞ
Z 1

�1

Z 1

�1
SS;kRS;kS;j expðsgsSÞdndj ð23Þ

are superposed. The limit z ! h of the depth of the buried receiver (the location of the plastic source) to the

layer thickness is performed in the phase functions, Eqs. (18) and (19), see the right hand column of Table 3.
The emittance functions in the P- and Sj potential functions of the coalescent ray are thus those of the

source ray as derived in Eqs. (18) and (19) for the surface load, see Table 3 and note the lower case index

referring to the downward incident ray.

The stress receiver functions follow from Hooke�s law, see also Eq. (9), for a ‘‘receiver’’ sitting in the

interface, and are tabulated, Table 3, in terms of the potential reflection coefficients at the interface of two

dissimilar half spaces, for the latter see again Borejko (1996), and consider in the expressions given there a

positive direction factor for the incident plane wave. Use has been made of RPSz ¼ RSzP ¼ 0.

As previously discussed requires a dipping interface the introduction of rotated coordinates for the
consideration of classical reflection, the slowness are given by enforcing the invariance conditions, Eq. (12).

More general configurations may be considered by using the information summarized in de Hoop (1995).

3.4. A numerical study of the Green’s functions of the second kind

Inversion of the ray integrals by the Cagniard–de Hoop method has become a standard procedure, see

e.g. Pao and Gajewski (1977), and, for details, the recent paper considering the three-dimensional wave
propagation, Borejko et al. (2001). To indicate the sensitivity of the signal detection on the angular

positioning of the transducer in receiving mode, we present in Figs. 5–10, Green�s nondimensional

Fig. 5. Vertical outward (- - -) and horizontal (—) displacements of the surface point, (epicentral distance) x ¼ 0:25, y ¼ z ¼ 0.

(a) Vertical single surface force. (b) Vertical surface line load.
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displacement components, horizontally, ux and (laterally) uy , and, vertically outward, �uz, produced by a
symmetric triangular pulse of nondimensional and short duration 0.04 and nondimensional tip value 0.02,

(hence, rise-time D ¼ 0:02 and nondimensional peak value D), applied at the surface, which are ‘‘received’’

at a surface point of a half space (body wave speeds, cL ¼
ffiffiffi
3

p
, cS ¼ 1, and uniform density q ¼ 1) in the

nondimensional epicentral radial distance r ¼ 0:25. Further, the impulsive force is stepwise rotated from

the vertical over p=4 the inclined to the horizontal direction. For comparison sake with the point force

solution, the two-dimensional response to a line load of same time signature is shown in the Figs. 5(b) and

6(b).

Taking into account the demonstrated sensitivity of the angular positioning of the transducer in re-
ceiving mode (when parallel to the oblique single force), time convolution (of the stresses due to the oblique

force) with a given plastic strain tensor, Eq. (6), thus renders dramatically changed signals.

Fig. 6. Vertical outward (- - -) and horizontal (—) displacements of the surface point, (epicentral distance) x ¼ 0:25, y ¼ z ¼ 0.

(a) Horizontal single surface force. (b) Horizontal surface line load.

Fig. 7. (a) Vertical outward (- - -) and horizontal (—) displacements of the surface point, x ¼ 0:2165, y ¼ 0:1250. (b) Lateral horizontal

displacement (in y-direction). Horizontal single surface force in x-direction.
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4. Conclusions

Identification of waves from plastic sources is of great importance in monitoring the safety of ductile

structures eventually under the action of dynamic overload. To locate the plastic source emitting the

acoustic signal by triangulation needs at least three separately placed transducers, see Pao (1978). Since the

transducer in receiving mode is located at the free surface we select the complementary Green�s stress dyadic
of the second kind for the convolution with the localized plastic source. Superiority of Eq. (6) over Eq. (5)

or other classical convolution integrals, like the Mura–Willis integral, should be emphasized. All the

characteristic features of the wave guide are contained in the Green�s function, these facts are demonstrated

within the paper for thin rods, for plates and for a layered half-space. In the latter case the Green�s
functions are expanded into plane waves. The plastic interlayer slip, Section 3.3, is an important special

case and is considered by properly changing the stress receiver functions in the Green�s stress dyadic, see

Fig. 8. (a) Vertical outward (- - -) and horizontal (—) displacements of the surface point, x ¼ 0:2165, y ¼ 0:1250. (b) Lateral horizontal

displacement (in y-direction). Oblique single surface force, positively rotated p=4 in the x–z plane.

Fig. 9. Vertical outward (- - -) and horizontal (—) displacements at two surface points. Oblique single surface force, positively rotated

p=4 in the x–z plane. (a) Receiver at (epicentral distance) x ¼ 0:25, y ¼ z ¼ 0. (b) Receiver at (lateral epicentral distance) x ¼ 0,

y ¼ 0:25.
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Eqs. (18) and (19) for superposition and Table 3. Since the influence functions of stresses enter the gen-

eralized dynamic Maysel�s formula, receiver functions become the additional factors in the ray integrals

together with higher powers of the Laplace transform variable s. For cylindrical waves, these functions are

tabulated in Ziegler and Irschik (2000), for spherical waves see Tables 2 and 3. All necessary transfor-

mations of the Cagniard-de Hoop inversion technique are performed symbolically, for details see Pao and
Gajewski (1977), Borejko and Ziegler (2002). Thus, the response of a single plastic source is fully accounted

for by varying the receiver coordinates in the Green�s stress dyadic. Eventually contributions from non-

vanishing initial conditions arise, see Eq. (6), which are not further discussed in the paper. The matrix

notation introduced in the IUTAM selected landmark paper by Pao and Gajewski (1977), is a starting

point for such an enterprise. Deconvolution is not within the scope of this paper.
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